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Annotasiya. Bozi optimal idaroetmo masalolorinin maksimum prinsipi va-
sitasilo hall etmak iigiin onu xiisusi sorhad masalaloring gotirirlor. Belo xiisusi
sorhad masoalasi maksimum sortindon, adi diferensial tonliklor sistemindan, sor-
had va normallagma sortlorindan ibarat olur.

Mogalods, belo masoalalordon biri olan, optimal idarsetmo masoalosinin
maksimum prinsipinin qosma sarhad masalasine va bu masalanin hallins ardicil
yaxinlagsma iisulu ilo baxilmigdir. ©vvalca J(u) operatorunun miisyysn sarhad
sartlorini 6doayan hollinin tapilmasi talobi qoyulur. Buna goro operatora daxil
olan F(x(T) funksiyast liglin xiisusi sortlori ddadiyi qobul edilorok, verilon op-
timal idarsetmo mosslosinin maksimum prinsipi liglin qosma sorhad moasalasi
verilir. Bu traektoriyanin bir ucu bagl olduqda sistemin halli olan ¢(x) funksi-
yast {iglin qosma sorhad sortlori (bu transversalliq sortlori adlandirilir) verilmok
izah olunur. Beloliklo ardicil yaxinlagma iisulunun tam sokilds tohlili verilorak,
qosma sarhod masalosinin maksimum prinsipinin tatbiqi ilo ardicil yaxinlasma
tisulu ils hall etmak {iglin alqoritm gostarilmis, axirda qoyulan masalonin halli-
nin varlig1, xiisusi teoremls isbat edilmisdir.
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Application of the maximum principle to adjoint boundary
value problems and their solution via the method of successive
approximations

Abstract. To solve certain optimal control problems by means of the maximum
principle, they are reduced to special boundary value problems. Such a boundary
value problem consists of the maximum condition, a system of ordinary diffe-
rential equations, and boundary and normalization conditions.

In this paper, one of these problems - an optimal control problem - is con-
sidered through the formulation of its adjoint boundary value problem derived
from the maximum principle, and its solution is studied using the method of
successive approximations. First, the requirement to find a solution of the ope-
rator J(u) satisfying given boundary conditions is introduced. For this purpose,
assuming that the function F(x(7), which appears in the operator, satisfies cer-
tain specific conditions, the adjoint boundary value problem corresponding to
the maximum principle of the given optimal control problem is presented. It
is explained that when one end of the trajectory is fixed, the adjoint boundary
conditions (referred to as transversality conditions) for the function ¢(x), which
represents the solution of the system, are formulated. Thus, a complete analy-
sis of the method of successive approximations is provided, an algorithm for
solving the adjoint boundary value problem using the maximum principle is
proposed, and finally, the existence of a solution to the problem is established
via a special theorem.
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IIpuMeHeHNe NPUHIMIIA MAKCUMYMA K CONPSIZKEHHBIM
KPaeBbIM 32/1249aM M HX PelleHHe MeTOI0M
N0cJIe10BaTeJIbHbIX NPHOJIMKEHHI

AnHoTanust. [y pelieHus: HEKOTOPBIX 3a]a4 ONTHMAJIBHOTO YIPABJICHUS C
TTOMOIIIBIO TPUHINIIA MAKCUMYMa MX CBOJIAT K CIICIIMATbHBIM KPAeBBIM 3a/1a4aM.
Takue 3ajaun BKJIIOYAIOT YCIIOBHE MaKCHMyMa, CHCTEMY OOBIKHOBEHHBIX
muddepeHnnanbHbIX YpaBHEHNI, a TaKXKe KpaeBble U YCIOBUSI HOPMUPOBKH.

B crarpe paccMoTpeHa ofHA M3 TAKMX 3aJa4 — NPUMEHEHHE NPHHIHIA
MaKCUMyMa B 3aJaye ONTHMAJIbHOIO YIPABIEHUS, CBOAUMON K CONPSIKEHHOU
KpaeBoOil 3a/ade, U ee pPelIeHHEe METOIOM ITOCIENOBAaTeNIbHBIX MPHOIMKESHHUH.
Chavana Qopmynupyercs TpeOOBaHHE HAXOKACHHS PpEIIeHHs oIeparopa
J(u)J(u)J(1), yOOBIETBOPSIOMIETO OIPENEICHHBIM TPAHHYHBIM yCIOBHSAM.
Wcxons u3 sroro, mis yakuun F(x(T))F(x(T))F(x(T)), BXomsuei B oneparop,
[IPUHUMAETCS BBIIIOIHEHHUE CIICIIHAILHBIX YCIIOBUH, ITOCIIE 4ero GopMyIHpyeTcs
CONpsDKEHHAS KpaeBast 33/1a4a MPUHINIA MaKCUMyMa.

B ciyuae, korjia oiMH KOHeI TPaeKTOPHH (PUKCHPOBaH, 331at0TCsI COTPSIKEH-
HBIC TPAHUYHBIC YCIIOBHS (TaK Ha3bIBAEMBIC YCIOBHS TPAHCBEPCATIBHOCTH) LIS
¢byHkmu ¢(x), varphi (x)p(x), sBistolencs: peeHueM cucTeMsl. B pesynbrare
MIPEACTABICH IIONHBII aHAIM3 MeETOoJa MOCIEAOBATENbHBIX NPHUOIMKECHUMH,
pa3paboTaH aJrOPUTM PELICHHS CONPSHKEHHON KPaeBOH 3a1a4u ¢ IPUMEHEHNEM
NPUHIMIIA MaKCUMyMa, a CYIIECTBOBAHHE PELICHHs J0Ka3aHO C TOMOIIbIO
CIELUAIIbHOM TEOPEMBI.
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Giris. Tutaq ki, hor hans1 foza obyektinin horokoti adi diferensial tonliklori sistemi ilo tosvir
olunur. Bu sistemi vektor soklinds asagidaki sokilde yazmagq olar:

0

a_’: = £(6, (&), u(®)), t € [to, T] (1)

x(t) obyektin foza voziyyatini, u(t) idaroetmoni toyin edir. Bu tonliyin hallini birqiymatli toyin etmok
tciin x(ty) = x, Kosi sorti do daxil edilir. Bu idaroetms mosoalasini hall etmoak {igiin maksimum
prinsipinin kdmayilo qosma sorhod mosslosine gotiracoyik vo ardicil yaxinlagma tisulundan istifado
edacoyik.

Forz edok ki, optimal idaraetmo masalosi asagidaki kimi qoyulmusdur:

Jw = [, £O(6,x(), u(®)dt + F(x(T) 2
operatorunun
U={u=u(t); ul) €D cR™t,<t<T,u(t) e C(D)}
¢oxlugunda
g—f = f(t,x,u),tyg <t < To,x(ty) = xo 3)

sartlarini 6doyan minimumunu tapmagq talob olunur. Hesab edok ki, f (¢, x,u), F(x) funksiyalari x, u
doyisonlorine nozoran Lipsist sortini 6doyirlor. Onda bu optimal idarsetmo masalasinin maksimum
prinsipinin qosma sarhad masalosini asagidaki kimi yaza bilorik:

% =f(t,x,u),ty <t <T,x(ty) = xg 4)
oy <
== fxo(t,x,u)+;1/1jfx (t,x,u), )
Y(T) = —FE(x(T))
Burada u = u(t, x, ) idarsetmos funksiyasi
sup H(t,x,u,y) = H(t, x,u(t, x, ), ) (6)

D)

sortino gora tapilir.

Indi ardicil yaxinlasma iisulunun burada totbigi metodunu gostorok:

Tutaq ki, uy = uy(t), ty < t < T, baslangic yaxinlasmadir, k-c1 yaxinlagsmada u;, € U miimkiin
idaraetmasi tapilmisdir. (4) va (5) Kosi sortlorindon istifado etmoklo u, = uy (t)-ya uygun xi (t) vo
@i (t), t € [ty, T] funksiyalarim toyin etmok olar. Bunun tigiin (4)-do u ifadasini u(t) ilo ovoz
edirik:

]
== fltx (1), to < t < T,x(t0) = Xo
va bu mosalani hall edib, tapilmis x;,, = x;(t) va uy (t) funksiyalarini (5)-ds yerins yazib
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{% = £t %0 (6), e () + X Wi £ (6 (), e (0)),

(7)
to <t <T,P(T) = —F(xx (D))

sistemindon 1, = P (t) funksiyalarmi toyin edirik. Buradan alinan xj = x(t), Y, = Yi(t)
funksiyalarini (6) ifadesindo yerino yazib,

sup H(t, xp, u, P (t) ) = H(t, x, (t), up (), Y (1) 3
uebD

sartindon komokgi u (t) idarsetmo funksiyasini toyin edirik. Bu funksiyanin hissa-hisso kasilmoz
oldugunu gobul edirik. Belo olan halda bu idarsetms U ¢oxlugunda

Te@) = f;, H(t, 2 (8),u(6), 91 (8)) = H(t, %, (0), T (), Y1 (£))dt ©)

funksionalina minimum verir. Bu iso o demokdir ki, (2) funksionalinin
AJ = = [ [H(tx(©,u(® +h©,p(®) —H(tx(©),u®),p(©)] dt + R (10)

artim diisturunda R qaliq hoddini kifayot gadar kigiltmok miimkiin olarsa, onda , (t) idaraetmo
funksiyasi (2) operatorunun qiymatinin k-c1 addimda on ¢ox kigilmasino sabab olacaqdir. Asagidaki
kimi funksiya quraq:

wi () = H(t, %.(), T (1), 91 () — H(t, %, (1), w (1), 9 (1)) (11D

Indi bu wg(t) idaroetmosini Ty (), (g € (0,T —ty)) coxlugunun u(t) komokei idaroetmosi
vasitasilo variasiya edorok asagidaki kimi idaroetmaolor ailosini aliriq:

() t € Ty(e)

ue(t)  t € [to, T\ T(e) (12)

() = |

Bu diisturda € parametri iynavari variasiyanin addimi rolunu oynayir. Homginin (2) operatorunun
qiymatinin kigilmasi sortindon alinir. Basqa sozlo, elo €, € (0, T — t,) adadi tapilir ki,

J(ue(t, &) < J(ug) (13)

sorti 6donilir.
Belolikla, (13) 6donildikds névbati yaxinlagma olaraq uy (t, &) idaraetmasina baxilir:

Up41(8) = u (¢, &), t € [to,T] (14)

Proses bu gayda ilo davam elotdirilir. (8), (12), (13), (14) miinasibatlori (2), (3) optimal idaroetmo
masalasini hall etmak ii¢lin maksimum prinsipine osaslanan alqoritm verir.

Teorem: Tutaq ki, D € R™ — gapali mohdud ¢oxlug, f/(¢t,x,u), (j = 0,n), F(x) funksiyalari
vo onlarin x doyisonino goro toromolori biitiin arqumentlors nozoron kosilmozdir. Homginin
it x,u),j=0,n), f/(t,x,u),(j = 0,n), F(x) funksiyalar1 (x,u) — ya nozeron Lipsist sortini
Odayirlar. Onda (8)-(14) sxemi ilo tapilan {u;} ardicillig1 tigiin
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Jim p () =0

Olur. (Burada p(u;.) = —— ft: w ()dt kimi gostorilir.)
—to

Isbati: 7(u) funksionalinin u,(t) vo u,(t,&) idaroetmolori vasitosilo hesablanan artimina
baxaq:
(9) diisturuna goro

AJk(U) = J(uk(t, k) - J(uk) = — ka(g) (l)k(t)dt + Rk (15)

yaza bilorik. Burada |Ry| < Co(mes Ty (-))2 = CZ, Cysabiti R vo e-dan asili deyil. Bu
giymatlondirmoni nazors alsaq

Ju(t, &) — J(uy) < —u(up)e + Coe?, € €[0,T — to] (16)

Buradan goriiniir ki, kifayat qador kigik € liglin u(t, €) idarosetmasi (2) funksionalinin giymatini
kigildir. Demali g, elo segarik ki, (13) sorti 6donilor. Burada da (14)-don istifads etmokls aliriq ki,

J k1) < J(ug) (17)

Demoli {uy} ardicilligi tizro J(u) funksionali monoton azalir. Digor torafdon teoremdoki sortlor
daxilinde {J(uy)} ardicilhigr asagidan mohduddur. J(u) funksionalinin formasindan,
fI(t,x,u),(j =0,n), F(x) funksiyalarinin vo D ¢oxlugunun ododiyi sortlori nozera almagqla,
asanligla gdostormok olar ki,

Ju) <G

Burada C; > 0 sabiti k-dan asili deyil. Onda (17)-ya asason yaza bilorik:
Jim I Q) = I(ey) =0 (18)
(16) barabarsizliyini asagidak: kimi yazaq:

I Uiesr) — J(wi) < —u(u)e + Coe?, € €10, T — to]
Buradan da

0<pu(u) <

J(uk)—g(ukﬂ) + Cye

barabarsizliyini aliriq. Bu borabarsizliklo € —nu geyd edib, k — oo sorti ilo limito kecsok, onda (18)
limitindan istifads etmaklo

0 < lim u(uy) < Illm uluy) < Coe

=

borabarsizliklorini aliriq ki, buradan da € - 0 olduqda Ilim u(uy) = 0 olur. Bununla da teorem

isbat edildi.
Material vo metodlar. Todgigatin materiali vo metodu foza obyektlorinin horokoatini tosvir
edon idarosetma masalalarinin riyazi analizini shato edir. Todqiqatin asas moqsadi verilmis idarsetma
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coxlugunda funksionalin minimumunu tapmaq vo optimal idaroetmo strategiyasini miioyyon
etmokdir. Analiz edilon sistemdo obyektin voziyyati vo idaroetma funksiyasi nozars alinaraq, her bir
addimda sistemin voziyyat funksiyasi vo qosma doyisonlori hesablanmisdir.

Metod olaraq Maksimum Prinsipi osasinda qosma sorhod mosoalosi qurulmus vo ardicil
yaxinlasma tsulu totbiq edilmisdir. Baslangic idaroetmo toxminindon baglanaraq hor iterasiya
morhalasinds movcud idareetma funksiyasina uygun sistemin vaziyyot vo komokei funksiyalari
hesablanmigdir. Bu morholodo idaroetmo funksiyast miixtolif variasiyalarla optimallagdiriimas,
funksionalin giymotinin azaldilmasi tomin edilmisdir. Iterativ proses davam etdirilorok limitdo
optimal idaroetmoys yaxinlagsma oldo edilmisdir.

Tadqigatda, hamginin idareetma funksiyasiin hisse-hisso kosilmozliyi, eskiz vo marholali
hesablamalarin totbiqi, funksionalin monoton azalmasi prinsiplori nozors alinmigdir. Bu metodika
optimal idaroetma masalalorinin hom nazari isbatini, hom ds praktik totbigini tomin edir, sistemin
davranigini optimal sokildo gqiymatlondirmays imkan yaradir.

Yekun notica. Todqiqat gostorir ki, ardicil yaxinlasma iisulu Maksimum Prinsipi ilo
birlosdirildikdo foza obyektlorinin horokatini tosvir edon optimal idaroetmo mosalalorinin effektiv
halli miimkiindiir. Aparilan analiz vo iterativ hesablamalar gostorir ki, bu metodika funksionalin
minimuma yaxinlagmasini tomin edir vo idarsetmo strategiyasinin optimal formalagsmasina imkan
yaradir. Teoremin va totbiqi niimunalarin naticalari gostorir ki, idaraetma funksiyasinin marhalali vo
sistemli tohlili, komok¢i doyisonlorin hesablanmasi vo funksionalin artiminin monitoringi, sistemi
idaroetmada stabil vo optimal natico aldo etmoys imkan verir. Beloliklo, todgiqat hom nozari asaslari,
hom da praktik totbiqi baximdan idarsetma masalolorinin hollinds metodik alqoritmin etibarliligin
tosdiq edir vo golocok arasdirmalar tigiin nozori baza yaradir.
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